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<^ . Abstract 

'^ I This paper is devoted to describe the asymptotic behavior of a structure made 

J^ ' by a thin plate and a thin rod in the framework of nonlinear elasticity. We scale 

the applied forces in such a way that the level of the total elastic energy leads to 
the Von-Karman's equations (or the linear model for smaller forces) in the plate 
and to a one dimensional rod-model at the limit. The junction conditions include 
in particular the continuity of the bending in the plate and the stretching in the 



00 . rod at the junction. 
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1 Introduction 



In this paper we consider the junction problem between a plate and a rod as their 
thicknesses tend to zero. We denote by 6 and e the respective half thickness of the plate 
Qs and the rod -B^. The structure is clamped on a part of the lateral boundary of the 
plate and it is free on the rest of its boundary. We assume that this multi-structure 
is made of elastic materials (possibly different in the plate and in the rod). In order 
to simplify the analysis we consider Saint- Venant-Kirchhoff's materials with Lame's 
coefficients of order 1 in the plate and of order g^ = e^ in the rod with rj > —1 (see 
(1.1)). It allows us to deal with a rod made of the same material as the plate, or made of 
a softer material [r] > 0) or of a stiffer material (— 1 < ?7 < 0). It is well known that the 
limit behaviors in both the two parts of this multi-structure depend on the order of the 
infimum of the elastic energy with respect to the parameters 6 and e. Indeed this order 
is governed by the ones of the applied forces on the structure. In the present paper, we 



suppose that the orders of the apphed forces depend on 5 (for the plate) and e (for the 
rod) and via two new real parameters k and k (see Subsection 5.1). The parameters 
K, K and 7] are linked in such a way that the infimum of the total elastic energy be of 
order 5'^'^~^. As far as a minimizing sequence v^ of the energy is concerned, this leads to 
the following estimates of the Green-St Venant's strain tensors 

II V^JVt;, - l3L.(^^^i,3x3) < C5^-"\ pvJVv, - I3|L.(^^^^3X3) < C^. 

The limit model for the plate is the Von Karman system [k = 3) or the classical linear 
plate model (k > 3). Similarly, in order to obtain either a nonlinear model or the 
classical linear model in the rod, the order of jjVfJVf^ — Isll^j,^^ -R^-^'i) '^ust be less 

than e'^ with k > 3. Hence, 6, e and g^ are linked by the relation 



^K-l/2 



qeS" 



Moreover, still for the above estimates of the Green-St Venant's strain tensors, the 
bending in the plate is of order 6'^~'^ and the stretching in the rod is of order e'^ ~^. 
Since, we wish at least these two quantities to match at the junction it is essential to 
have 

Finally, the two relations between the parameters lead to 

5^ = qy = e^+^\ (1.1) 

Under the relation (II. ip . we prove that in the limit model, the rotation of the cross- 
section and the bending of the rod in the junction are null. The limit plate model 
(nonlinear or linear) is coupled with the limit rod model (nonlinear or linear) via the 
bending in the plate and the stretching in the rod. 

A similar problem, but starting within the framework of the linear elasticity is in- 
vestigated in [T7]. In this work the rod is also clamped at its bottom. This additional 
boundary condition makes easier the analysis of the linear system of elasticity. In [17] , 
the authors also assume that 

^->+oo. (1.2) 

With this extra condition they obtain the same linear limit model as we do here in the 
case K > 3 and k > 3 and they wonder if the condition (II. 2p is necessary or purely 
technical in order to obtain the junction conditions. The present article shows that this 
condition is not necessary to carry out the analysis. 

The derivation of the limit behavior of a multi-structure such as the one considered 
here rely on two main arguments. Firstly it is convenient to derive "Korn's type inequal- 
ities" both in the plate and the rod. Secondly one needs estimates of a deformation in 
the junction (in order to obtain the limit junction conditions). In this paper this is 



achieved through the use of two main tools given in Lemmas 14. II and 15.21 For the plate, 
since it is clamped on a part of its lateral boundary, a 'Korn's type inequality" is given 
in [S]. For the rod the issue is more intricate because the rod is nowhere clamped. In a 
first step, we derive sharp estimates of a deformation v in the junction with respect to 
the parameters and to the L^ norm (over the whole structure) of the linearized strain 
tensor Vf + (Vf )"^ — 2I3. This is the object of Lemma [4.11 In a second step, in Lemma 
15.21 we estimate the L^ norm of the linearized strain tensor of v in the rod with respect 
to the parameters and to the L^ norms of dist(Vv, 5*0(3)) in the rod and in the plate. 
The proofs of these two lemmas strongly rely on the decomposition techniques for the 
displacements and the deformations of the plate and the rod. Once these technical re- 
sults are established, we are in a position to scale the applied forces and in the case 
K = 3 or K = 3 to state an adequate assumption on these forces in order to finally 
obtain a total elastic energy of order less than 6^. 

In Section 2 we introduce a few general notations. Section 3 is devoted to recall a 
main tool that we use in the whole paper, namely the decomposition technique of the 
deformation of thin structures. In Section 4, the estimates provided by this method 
allow us to derive sharp estimates on the bending and the cross-section rotation of the 
rod at the junction together with the difference between the bending of the plate and the 
stretching of the rod at the junction. In Section 5 we introduce the elastic energy and 
we precise the scaling with respect to S and k on the applied forces in order to obtain a 
total elastic energy of order 6'^'^~^. In Section 6 we give the asymptotic behavior of the 
Green- St- Venant's strain tensors in the plate and in the rod. In Section 7 we characterize 
the limit of the sequence of the rescaled infimum of the elastic energy in terms of the 
minimum of a limit energy. 

As general references on the theory of elasticity we refer to [2j and ^12j . The reader 
is referred to pQ, [27|, [TS] for an introduction of rods models and to [U], [H], [H], [12] 
for plate models. As far as junction problems in multi-structures we refer to [13], [H], 
[21], [25], [26], [3], [22], [23], [I9], [TT], [1], [5], [6], [21], [ID]. For the decomposition 
method in thin structures we refer to [20], [7|, [8], [9]. 

2 Notations and definition of the structure. 

Let us introduce a few notations and definitions concerning the geometry of the plate 
and the rod. We denote Id the identity map of M^. 

Let cj be a bounded domain in R^ with lipschitzian boundary included in the plane 
(O; ei, 62) such that O E u and let 6 > 0. The plate is the domain 

Qs = wx] — 6,6[. 

Let 7o be an open subset of duj which is made of a finite number of connected components 
(whose closure are disjoint). The corresponding lateral part of the boundary of Qs is 

^o,s = 7ox] -S,6[. 



The rod is defined by 

Be,s = Dex] - 6, L[, De = D{0,e), D = D{0,1) 

where e > and where Dr = D{0,r) is the disc of radius r and center the origin O. 
The whole structure is denoted 

while the junction is 

Cs,e = ^5r]Be,5 = DeX]-5,S[. 

The set of admissible deformations of the plate is 

Bs=[ve H\Qs;^'') I v = Id on To.^}. 
The set of admissible deformations of the structure is 



D^,, = {ve H\Ss,e; ^') \ v = h on To.^}. 



The aim of this paper is to study the asymptotic behavior of the structure Ss^e in the 
case where the both paremeters 5 and e go to 0. In order to simplify this study, we link 
5 and e by assuming that 

there exists eM.\ such that 5 = e^ (2.1) 

where 6^ is a fixed constant (see Subsection 5.1). Nevertheless, we keep the parameters 
5 and e in the estimates given in Sections 3 and 4. 



3 Some recalls about the decompositions in the 
plates and the rods. 

From now on, in order to simplify the notations, for any open set (9 C M'^ and any 
field u e H^{0; M^), we denote by 

Gs{u,0) = ||Vu + (Vu)^||l2(ci.]r3x3). 

We recall Theorem 4.3 established in [20]. Any displacement u G iJ^(r25;R^) of the 
plate is decomposed as 

u{x) =U{xi,X2) + X3TZ{xi,X2) Ae-i + u{x), x e ^s (3.1) 

where U and TZ belong to H^{u; M.^) and u belongs to H^{Qs] ^^)- The sum of the two 
first terms Ue{x) = U{xi,X2) + a;37^(a;i,a;2) A 63 is called the elementary displacement 
associated to u. 
The following Theorem is proved in 



Theorem 3.1. Let u G H^{Qs]^^), there exists an elementary displacement Ue{x) 
U{xi,X2) + X37^(xi, X2) A e3 and a warping u satisfying fl3.ip such that 

< C6Gs{u, Qs), \\Vu\ Il^Qs-rs) < CGs{u, Qs) 



on 



dU 



c 



dxc 



-7^Aec, 



< ^^Gsiu,ns) 



(3.2) 



c 



^ , < j7-pTGs{u,ns) 



where the constant C does not depend on S. 

The warping u satisfies the following relations 



u{xi,X2,X3)dx3 = 0, 



X3Ua{xi, X2, X3)dx3 = for a.e. (a;i,a;2) G u. 
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(3.3) 

If a deformation v belongs to 3s then the displacement u = v — Id is equal to on ro,^. 
In this case the the fields U, IZ and the warping u satisfy 



W = 7^ = 



on 7o, 



M = on Tqs. 



(3.4) 



Then, from (13. 2p . for any deformation f G D5 the corresponding displacement u = v — I^ 
verifies the following estimates (see also [19j): 

C 



I7^| 



m{io;l 



+ \H 



■i\\m{w) 



< 



p/2 
C 



Gs{u,ns) 



(3.5) 



1^311^2(0,) + ||Wq,||//i(^) < -—j^Gs{u,il 



The constants depend only on u. 

From the above estimates we deduce the following Korn's type inequalities for the 
displacement u 



C 

\ua\\L^ns) ^ CGs{u,^s), WusHl^Qs) < —Gs{u,^s), 

c 
c 

|Vm||l2(s^_5.k9) < —Gs{u,Qs)- 



(3.6) 



Now, we consider a displacement u G H^{Bi;s', '^^) of the rod B^s- This displacement 
can be decomposed as (see Theorem 3.1 of [20j) 

u{x) = yV{x3) + Q{x3) A (xiei + X2e2) + w{x), x G Be,5, (3.7) 

where W, Q belong to /7^(— 5, L; M^) and w belongs to H^{B^s]^^)- The sum of the 
two first terms W{x3) + Q{x3) A (siei + X2e2) is called an elementary displacement of 
the rod. 

The following Theorem is established in pO] (see Theorem 3.1). 



Theorem 3.2. Let u G H^{Bs^s', ^^), there exists an elementary displacement yV{xs) + 
Qi^Xs) A (a^iei + X2e2) and a warping w satisfying (\3.7\j and such that 



dQ 



dxs 
dW 



L'2{-S,L; 



<CeGs{u,B,J, 
<-Gsiu,B,J 



\Vw\ 



L2(Be,5;IR3x3) 



<CGsiu,B,J 



(3. 



dx3 



QAeg 



<-Gsiu,BeJ 

L2(-5,L;IR3) e 



where the constant C does not depend on e, 5 and L. 
The warping w satisfies the foUowing relations 

w{xi,X2-,X'i)dXidx2 = Q-, / XaWz{xi,X2-,X'i)dXidX2 = Q, 



D, 



D, 



/ \^XiW2{xi,X2-iX^) — X2Wi{xi,X2,X'^)^dxidx2 = ^ for a.e. ^3 g] — (5, L[. 



(3.9) 



Then, from (13.81) . for any displacement u G H^{B^^s', ^^) the terms of the decomposition 
of u verify 

\\Q-Qm\mi-5,Lm < -Gs{u,BeJ, 



IIW3- >V3(0)|Ui(_5,L) < jG,(w,5,J, 
>V„- W„(0)||Hi(_,,i) < -^G,(m,5,J + C£||Q(0)||2. 



(3.10) 



Now, in order to obtain Korn's type inequalities for the displacement w, the following 
section is devoted to give estimates on Q(0) and >V(0). 



4 Estimates at the junction. 



Let us set 



H\{u) = {^^E\uj)- (^ = on 70}. 



Let V G D^^g be a deformation whose displacement m = f — /^ is decomposed as in 
Theorem 13.11 and Theorem 13.21 We define the function W3 as the solution of the following 
variational problem 

fW3Gif4(^)' 

"^ (4.1) 



VU^V^= / (7^Ae,) •e3- 

Jul OXc 

Indeed W3 satisfies due to the third estimate in (13. 5p 

~ C 



(4.2) 



The definition (14. ip of W3 togetlier witli tlie fourtli estimate in (13. 2p lead to 



C 



IIW3-W3II//1H < Ti7^G,(u,U 



51/2 



and moreover 



dih 



(7^ A Bq) ■ 63 



c 



.»-^^^^"'^^^- 



(4.3) 



(4.4) 



Now, let po > be fixed such that D{0,Pq) CC u. Since TZ G H^{(jJ]M?), the function 
W3 belongs to H'^{D{p, po)) and the third estimate in (13.51) gives 



|W3||h2(D(0,po)) - T?rtGs(-U,fi5). 



c 
,5372 ■ 



(4.5) 



Hence W3 belongs to C°(D(0,po))- 

Lemma 4.1. We have the following estimates on >V(0).- 



|W,(0)|2<^[G,(n,fi5)]' + C 



1 + 



5 



[0,(^,5,,^)]- 



(4.6) 



and 



|W3(0)-W3(0,0)|2<^ 



^^T 



[G,(m, ns)] ' + C^ [G,(m, 5,,5)] '. (4.7) 



r/ie vector Q(0) satisfies the following estimate: 



IS(0)II1<^ 






[G,(M,fi5)]' + C^[G,(M,5,,5)^' 



(4i 



The constants C are independent of e and 5. 



Proof. The two decompositions oi u = v — Id give, for a.e. x in the common part of the 
plate and the rod Cs^s 

U{xi,X2) + X:>,TZ{xi, X2) A es + u{x) = Wix^) + 2(^3) A (a;iei + ^262) + w{x). (4.9) 

Step 1. Estimates on >V(0). 

In this step we prove (14.61) and (14.71) . Taking into account the equalities (13. 3 p and (13. 9 p 
on the warpings u and w, we deduce that the averages on the cylinder Cs,e of the both 
sides of the above equality (14. 9 p give 



where MdAU) = 77-7 / U{xi,X2)dxidx2 and MuiW) = 777 / >V(x3)(ia;3. 
Besides using (13. 5p we have 



(4.10) 



Ce 



\m?mD,) < Ce||W.||i4(.) < CeWU^Wl.^^^ < [Gs{u,ns)] 



From these estimates we get 



Moreover, for any p G [2, +00 [ using (I4.3p we deduce that 

IIW3 - WsIIl^Cd.) < Ce'-^/^WUs-mLr'i.) 



(4.11) 



(4.12) 



51/2 



Then we replace U3 with U^ in (I4.10p to obtain 



G„ 



We carry on by comparing A4ds{^3) with ^3(0, 0). Let us set 

fa = Md, ("^ A e„) ■ eg) = — — / (7^(xl, X2) A e^,) ■ 63^X1^X2 



(4.13) 



(4.14) 



and consider the function \l/(xi, X2) = ^3(^1, X2) — M-d^ (W3) — Xir2 — a;2ri. Due to the 
estimate (14. 5 p we first obtain 



52^ 



dxadxp 



< 



C 



L2{De) (5^/2 



Gsiu,Qs)- 



(4.15) 



Secondly, from (13. 2 p and the Poincare-Wirtinger's inequality in the disc D^ we get 

I |(7e A e„) ■ 63 - Md^ [in A e,) ■ 63) 1^2(0^) < C^G,(m, (^5). 



Using the above inequality and (14. 4p we deduce that 

■1 £2. 



|v^|li2(^^;K2) < c(- + ^) [Gs{u,nt 



(4.16) 



Noting that A^d^(\E') = 0, the above inequality and the Poincare-Wirtinger's inequality 
in the disc D^ and lead to 



kT/ 1 1 2 



<Cj(l+'-)[Gs{uM 
From inequalities (I4.15p . (I4.16P and (14.171) we deduce that 



(4.17) 



which in turn gives 

|vl/(0,0)|2 = 1^3(0,0) - Md^{U,)\' < cQ + ^) [Gsiu,ns)Y. 
This last estimate and f l4.13p yield 



c / a e^ 



mo,0)-Mj,{Ws)\' <^(^ + '-)[Gsiu,ns)] 



6 \e^/p 6^ J 



(4.18) 



In order to estimate Aij^ (W3) — >V3(0), we set yi^Xs) = W{xs) — Q(0)a;3 A 63. Estimates 
in Theorem 13.21 together with the use of Poincare inequality in order to estimate \\Q — 
Q(0)||l2(-5,5;R3) give 



dya 



dX3 

dys 



dx^ 



<c(- + ^)Gsiu,B,,s), 
<-Gs{u,B,,s). 



which imply 



\ya - 2/a(0)||^,(_,,) < C^(l + ^) [Gs{u,B,,s)] 

2 6"^ 

1^/3 - ?/3(0) ||^2(_5_5) < C— [Gs{u, Be/ 



Then, taking the averages on] — 6, 6[ we obtain 



\Mi,{Wa)-m 

|A^/,(W3)-W3 



6\ 6 



eVe^ 



'<C^[Gs{u,Be,s)Y. 



[Gs{u,Be,s)]' 



(4.19) 



Finally, from (14. lip . (I4.18p and the above last inequahty, we obtain (14. 6 p and the fol- 
lowing estimate: 



|>V3(0)-W3(0,0)|2<^ 



Gn E 



e^/p 52 



[G,iu,ns)Y) + C-[G,{u,Be,s)Y- (4.20) 



Choosing p = max(2,4/^) (recall that 6 = e^) we get (14. 7p . 

Step 2. We prove the estimate on Q(0). We recall (see Definition 3 in [20j) that the 
field Q is defined by 



Qiixs) = — 7 / XiU3{x)dxidx2, 22(2:3) = T / 



X2U3{x)dXidX2, 



Qsi^s) = — -/ {xiU2{x) - X2Ui{x)]dxidx2, for a.e. 0:3 g] -5, L[. 



Now, again using the equalities fl3.3p and (13. 9 p on the warpings u and w, the two 
decompositions (14. 9p of u in the cyhnder Cs^e lead to 

-2 



4 



Mj,{Q^] 



MD,{K3Xa) , IT-^/.lQs) = -Md, (^2 Xi - Wi X2) 



Noticing that A^De(WiX2) = Md^{P(i — ■Md^{'^i)]x2) and applying the Poincare- 
Wirtinger's inequality with (13. 5p yield 



\M,,iQs)\'<^^[Gsiu,ns)r. 



(4.21) 



From the definition of the function \E' and the constants r^ introduced in Step 1 we 
deduce that 

\Md^{1(3X^)\ < \Md^{^x^)\ + \Md^{[Us-U3W)\+Cs^K\. (4.22) 

Estimate (HTTP give 

2 2 

\Md^{^x^)\' <Cj{l + ^) [Gs{u,ns)Y (4.23) 

while (13. 5p leads to 



, ,2 c*,,^ 
ka <- ^ 



Il2(d, 



.3^ < — n 



L4(D£;I 



C,,^m2 
< - 7^"2 



c 



Hi(.;M3)<^[G.(«,fi5)]' (4.24) 



and (14. 3 p with the Poincare-Wirtinger's inequality yield 



Ce' 



\Md^ ([W3 - U3]x^) y < -—[Gs{u, Qs)? 
Finally, (g^SD, ( K23\f . K2^ and (K25\f we obtain 

|A^z.(Q«)r<^(l + ^)[G>,f],)]^ 
The third estimate in (13. 8p implies 

\\Q{0)-Mj,{Q)\\l<C^^[G,iu,B,,s)?. 
From fH:26ll and (1^271) we get fM . 



(4.25) 

(4.26) 

(4.27) 
D 



5 Elastic structure. 



In this section we assume that the structure Ss^e is made of an elastic material. The 

associated local energy W^ : X3 — > M+ is the following St Venant-Kirchhoff's law (see 

[9]) 

Q,{F'^F-h) if det(F)>0 

+ 00 if det(F)<0. 



We{F) 



(5.1) 
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where the quadratic form Q is given by 



Qp{E) in the plate Qs, 
qlQr{E) in the rod Bg^s, 



Q.(^) = r/;7.^ :.';:' (5.2) 



with 



QAE) = ^HE)Y + ^tr{E^), Qr{E) = ^{tr{E)Y + ^tr{E'), (5.3) 

and where (Ap, ^p) (resp. {q^K, lll^r)) are the Lame's coefficients of the plate (resp. the 
rod). The constant g^ depends only on the rod, we set q^ = e^, the parameter t] being 
such that 

• 1] = for the same order for the the Lame's coefficients in the plate and the rod, 

• 1] > for a softer material in the rod than in the plate, 

• ?7 < for a softer material in the plate than in the rod. 

Let us recall (see e.g. |T6] or |7]) that for any 3x3 matrix F such that det(F) > 
we have 

tr{[F^F-h]^) = \\\F^F-h\\\^> dist {F, SO {3)Y. (5.4) 

Hence, we denote by 

£{u,Ss,e) = [Gs{u,ns))]' + q'AGsiu,B,,s)? (5.5) 

the linearized energy of a displacement u G H^{Ss,ei^^)- We define the total energy 
Js{v jo over Bs^e by 



Js(v) = / WeiVv){x)dx - / fs{x) ■ {v{x) - h{x))dx. (5.6) 



5.1 Relations between 5, e and g^. 

In Section Subsection 5.2 we scale the applied forces in order to have the infimum 
of this total energy of order 5'^'^~^ with k > 3. In such way, the minimizing sequences 

iys) satisfy 

The above estimate in the plate Vis leads to the Von Karman limit model {k = 3) or the 
classical linear plate model (k > 3). Since we wish at least to recover the linear model 



^For later convenience, we have added the term / fs{x) ■ Id{x)dx to the usual standard energy, 



indeed this does not affect the minimizing problem for Js- 
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in the rod which corresponds to a Green-St Venant s strain tensor in the rod of order 
e'^ with K > 3, we are led to assume that 

5--V^ = q^e'^_ (5.7) 

Furthermore, still for the above estimates of the Green-St Venant's strain tensors, the 
bending in the plate if of order 5'^~'^ and the stretching in the rod is of order e'^ ~^. In 
this paper, we wish these two quantities to match at the junction it is essential to have 

5"-^ = e^'-\ (5.8) 

As a consequence of the above relations (15. 7p and (15. 8p we deduce that 

S^ = qy = £2^+2 (5.9) 

which implies that rj must be chosen such that r] > ~1. 

From now on we assume that (15. 9 p holds true and to recover a slightly general model 
in the rod we extend the analysis to k, > 3. 

5.2 Assumptions on the forces and energy estimate. 

Let V G Vis,e be a deformation. The estimates in Lemma 14.11 become (taking into 
account (15.91)') 



C 



S 



6' 



W,(0)|'<- 1 + ^ £{u,Ss,e), 



e 



|W3(0)-W3(0,0)|2< ^(£2 + 5)^(^,5,,,) (5.10) 



C 



e6 



1 1 



Q(0)||^<-^ - + - S{u,Ss,e)<C{6 + e 



6 e 



S(u,S5,e) 



The following lemma give the estimates of the displacement u = v — I^ itl the rod B^g. 

Lemma 5.1. For any deformation v in I])s,e the displacement u = v — Id satisfies the 
following Korn's type inequality in the rod B^^s: 

II ||2 ^ ^ S{u,S5,e) M ||2 ^ ^ S{u,Ss,e) 

IF"IIl2(B,,,) ^ <- _2„2 ' N"3|Il2(B,,,) S (- -^ ' 

^ ^ (5 11) 

I|VM||l2(b^_^.K9) SO , \\U yV\\L2(^B,,s;R3)S<^ 3 • 

Proof. We define the rigid displacement r by r{x) = VV(0) + Q(0) A x. From (I3.10p we 
obtain the following inequalities for the displacement u — r: 

C 

\\ua-ra\\L^B,^s) ^ —Gs{u,B^^s), 

\\u3 - t^sWl^b.^s) <CGsiu,Be,5), (5.12) 

c 
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Then, the above estimates and fIS.lOp give (observe that due to relation (15. 9 p we have 

\\Qm\l<^A^.Ss,)) 

c 

which lead to the first third estimates in (15. lip using (I5.12p . Before obtaining the 
estimate of m — W we write (see (13. 7p ) 

u{x) - W(x3) = (2(2:3) - Q(0)) A (a;iei + xaCa) + u(x) + Q(0) A (xiei + xaea). 

Then due to estimates (13.81) . (13.101) and (l5.1Up we finally get the last inequality in 
dMl]). D 

The following lemma is one of the key point of this article in order to obtain a priori 
estimates on minimizing sequences of the total energy. 

Lemma 5.2. Let v G D^^^ be a deformation and u = v — Id- We have 

G,{u,ns) < c\\dist{Vv,so{mWm + c,- — ^ — ^,/, ^^"^^ (5.13) 

and the following estimate on Gs{u.,B^s)- 

^\dist{Vv,SO{m\l^iB,,) 



Gs{u,B,,s) < C\\dzst{Vv,SO{3))\\L2^B,,) + C2- 
The constants C do not depend on 5 and e. 



£3 

|2 



\\dist{^v,so{m\'L.i^^,) 



(5.14) 



The proof is postponed in the Appendix. 

As an immediate consequence of the Lemmas 15.11 and 15. 2[ we get the full estimates 
of the displacement m = f — /^ in the rod. 

Corollary 5.3. For any deformation v in H^^e the displacement u = v ~ Id satisfies the 
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following nonlinear Korn's type inequality in the rod Birds'- 



WaWl-^iB^^s) - ^ 



h [VO + y/e) r-^ 



L^i^s) 



e^ 



|%||l2(b,,,) < C 



\\dist{Vv,SO{mym , , /T , ^, IM^st(Vt;,^0(3))|| 



L-^i^s) 



e'^ql 



VM||r2rR„ ,-iiJ9^ < C 



|i2(B,,,; 



+ c\\dist{yv,so{m\l^B^,) + '^c, -^ i^^^, 

\\dist{Vv,SO{'i))Uins) , , /T , ^AWst{Vv,SO{m\y^n,) 
h (V() + \/e) ^-^ 



ege ■ ■ i^^ql 



+ C- h ZO2 



£4 



(5.15) 



First assumptions on the forces. To introduce the scaling on fs, let us consider fr, 
91, 92 in L^(0,L;]R'^) and fp G L'^{uj;M.^) and assume that the force fs is given by 

fs{x) = qle'' fr,i{x3)ei + /r,2(a;3)e2 + -/r,3(a;3)e3 + -^9i{x3) + -^92{x^) 

X G 5^,5, 0:3 > (5, (^5 Ig) 

fsA^) = S''''^fp^a{xi,X2), fsA^) = '^''/p,3(a;i,X2), X G ^5- 

We set 

2 

^ifp) = II/pI|l2(c^;R3), N{fr) = ||/r||L2(0,L;IR3) + 2j \\9a\\L^{0,L;R3). (5.17) 

a=l 

Lemma 5.4. Lei f G D^^^ fee s«c/i t/iat J{v) < anc? u = v — Id- Under the assumption 
(I5.16P on the applied forces, we have 

• if K, > 3 and n > 3 then 

\\dtst{Vv,SOi3mLHn,)+qe\\distiVv,SOi3mL2^B,^^) 

<C6^~'/'{Nifp)+Nifr.)), 

• if K, = 3 and k, > 3 then there exists a constant C* which do not depend on 5 and e 
such that, if the forces applied to the plate Vt^ satisfy 

N{fp) < C*^p (5.19) 

then (I5.18P still holds true. 
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• if K > 3 and k, = 3 then there exists a constant C** which do not depend on 6 and e 
such that, if the forces applied to the rod B^s satisfy 

N{fr) < C*>, (5.20) 

then flS.lSp still holds true, 

• if K, = 3 and k = 3 then if the applied forces satisfy fl5.19p and (15.201) then (I5.18P still 
holds true. 

The constants C , C* and C** depend only on u and L. 

Recall that we want a geometric energy in the plate \\dist(Vv, 50(3)) | |l2(j^^-) of order 
less than 5^/^ in order to obtain a limit Von Karman plate model. Lemma 15.41 prompts 
us to adopt the conditions (I5.19P if k = 3 and (I5.20p if k =3. Let us notice that in 
the case k = 3 under the only assumption (I5.16P on the forces (i.e. without assumption 
(I5.19P ) the geometric energy is generally of order 5^^"^ which corresponds to a limit model 
allowing large deformations (see [9]). 

Second assumptions on the forces. From now on, in the whole paper we assume 
that 

• if K, = 3 then 

N{fp) < C*ii,, (5.21) 

• if K =3 then 

N{fr) < C**i^r- (5.22) 



Proof. Proof of Lemma 5. 4' Notice that J&{Id) = 0. So, in order to minimize Js we only 
need to consider deformations v of ©^^^ such that J^iv) < 0. From (13.60 . (15. lip and the 
assumptions (15.160 on the body forces, we obtain for any v G D^^e and ioi u = v — Id 



fs{x) ■ u{x)dx < CsS^-'/^N{fp)Gs{u, ns) 



Ss.i 



+ C,qee^N{fr)j£{u,Ss,e). 



(5.23) 



Now we use the definition (15.50 S{u,Ss,£) and Lemma \572\ to bound Gs{u,Qs) and 
Gs(u,-Be,5) and S{u,Ss,e)- Taking into account the relations (15. 70 - 05. 9p we obtain 



Ss,, 



fs{x)-u{x)dx <C,Cs6^-'N{f,)\\dtst{Vv,SO{3mi,^^^ 



2 



+ C[V6 + V^ e^'-'^Nifr) \\dist{Vv, S0{3))\ \ 

+ 2C2C,qy-'N{fr) \\d\st{Vv, 50(3)) I |i.(5^^^) 

+ C6-~'/'{Nif,) + Nifr)}\\dtst{Vv,SOi3))\\L^^ns) 
+ Cqy'Nifr)\\dist{Vv,S0{3mL^B,^,y 
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(5.24) 



From ([51]), (jEl]), (jES]) and ([53D we have 



^|M.st(Vt;,S0(3))||i.(^^) + ^|M^5t(Vt;,50(3))||i.(^^^^) 



</ Ws{Vv){x)dx < fs{x) ■ u{x)dx. 



(5.25) 



Then using fl5.24p we get 



<C5^-'/'{Nif,) + Nifr)}\\dtstiVv,S0i3))\\L^ns) 

+CqyN{fr)\\dist{Vv,SO{3))\\L2iB^,~, 

<C6--'/'{N{U) + N{fr) } {\\dist{Vv, SOiSMLHu,) + g.| |dist(Vi;, 50(3)) | ^2(5^ ,)) . 

(5.26) 
Now, recall that k > 3 and k > 3, so that first [S + e^^^je'^ ^^ — ?■ 0. Secondly, setting 
C* = 4C1C3 and C** = 8C2C4 then (I5.18P holds true in any case of the lemma. D 

Recalling that S'^^'^''^ = q^e'^ , we first deduce from Lemma 15.41 

\\dtstiVv,SOi3mL'2(ns) < Cb'^-^l\ ||dist(Vt;,SO(3))|U2(B,,,) < Ce'^ . (5.27) 
Then applying (15.261) of Lemma 15.21 we obtain 

while (I5.14P gives 



G. (., B,,) < Ce^ +C[5 + . V2] \\d^stiyv,SOmy,^,, ^ ^^,_,/, ^ ^ ^^ ^ ^,,,^ S^ 

and using (15. 8 p yields 

Gsiu,B,,s)<Ce^'. (5.29) 

Finally for any deformation v G I!>s,e and u = v — Id such that J{v) < we have 

£{u,Ss^e)<C5^'^-^ = Cqle''\ and / f5-u<C5^^-\ (5.30) 

Moreover, the above inequality together with (l5.25p show that 

Weiyv){x)dx < C5^^-^ (5.31) 
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which in turn leads to 

IIV^^V^ - I3L.(^,«3X3) < C5^-'^^ IIV^^V. - I3|L.(«^,^3X3) < Ce^' (5.32) 

From fl5.30p we also obtain 

cS^^-^ < Jsiv) < 0. (5.33) 

We set 

nis = inf Js(v). (5.34) 

In general, a minimizer of Js does not exist on D^^. As a consequence of (15.331) we have 

6 Limits of the Green-St Venant's strain tensors. 

In this subsection and the following one, we consider a sequence of deformations (f 5) 
belonging to B)s,e and satisfying {us = f 5 — Id) 

S{us,Ss,e)<C6'^-' (6.1) 

or equivalently 

£ius,Ss,e)<Cqy^'. 
Inequality (16. ip implies 

Gs{us,Qs) < C5^-^'\ Gs{us,B,^s) < Ce"^ . 
For any open subset (9 C M^ and for any field tl) G H^{0; M^), we denote 

6.1 The rescaling operators. 

Before rescaling the domains, we introduce the reference domain Q for the plate and 
the one B for the rod 

n = ujx]~ 1,1[, B = Dx]0,L[= D{O,l)x]0,L[. 

As usual when dealing with thin structures, we rescale fls and B^^s using -for the plate- 
the operator 

I[s{w){xi,X2,X3) = w(xi,X2,(5X3) for any (xi,X2,X3) G ^ 

defined for e.g. w G L'^{Qs) for which Ils{w) G L^(fi) and using -for the rod- the operator 

Peiw){Xi,X2,X3) = w{eXi,eX2,X3) for any {Xi,X2,Xs) G B 

defined for e.g. w G L'^{B^^s) for which Pe{w) G L'^{B). 
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6.2 Asymptotic behavior in the plate. 

Following Section 2 we decompose the restriction of us = vs — Id to the plate. The 
Theorem 13.11 gives Us, IZs and us, then estimates (13. 5p lead to the following convergences 
for a subsequence still indexed by 5 

Us^s — ^^3 strongly in if^(w), 



§n-2 

j^—^Ua^s^Ua weakly in H^{uj), 

— ^7^5^7^ weakly in if^(a;;M^), (6.3) 

1 



-lisius) -^ u weakly in L^{u] H\-1, 1; M^) 



j—^(^-g^-nsAe^^^Z^ weakly in L^ {u; W") , 

The boundary conditions (13. 4p give here 

^3 = 0, Ua = 0, 7^ = on 70, (6.4) 

while (ESD show that U3 G H^{uj) with 

dUs dUs 

^— = -/<-2, ^— = K-i- (6.5) 

OTi C'X2 

We also have 



-I r\j I 

-^s{ua,&) ^Ua- X3- — weakly in H^{Vt), 



1 



(6.6) 



^115(^3,5) — ^^3 strongly in H^iVl) 



§K-2 

which shows that the rescaled limit displacement is a Kirchhoff-Love displacement. 

In [8] the limit of the Green-St Venant's strain tensor of the sequence vs is also 
derived. Let us set 

tip = M + —^(Zi -63)61 + —^(Zs -63)62 (6.7) 

and 

^^^.h-^i^J + s*:*^' ''"-'• (6.8) 

I 7a/3(W) if K > 3. 

Then we have 

1 



26' 



—Ils{{V^vsfV^vs - I3) ^ Ep weakly in L^{Q; 
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where the symmetric matrix Ep is defined by 

/ 



Er, 



-X, 



d^W 



dx\ 



+ Zu 



X, 



-X- 



9X1(9X2 
3 



' dxl 



+ Zi2 



2dXs 

1 dUp^2 

2'dX, 

dUp,3 

dXs I 



(6.9) 



6.3 Asymptotic behavior in the rod. 

Now, we decompose the restriction of u^ = v^ — I^ to the rod. The Theorem 13.21 
gives W5, Qs and ws, then the estimates in fl3.10p . f IS.lOp allow to claim that 



\w5\\l-^{b,xM^) < Ce 



K +1 



\^ws\\L2{B,^yfi?) < C'e" 



dm 



dxs 



- Q5 A eg 



\\Qs - Qsm\HH~s,L;R^) < Ce'' -\ 

\\m,3-m,3m\HH~s,L)<ce'''-\ 

\\m - m{0) - Qs{0)xs A e3|UiM,L;R3) < Ce^'-^. 
Moreover from fIS.lOp we get 



L'2{-5,L-1 



<Ce 



K -1 



(6.10) 



|W3,5(o) - ^3,5(0,0)1 < cv^Ti^^'^ -1, 

\\QAm2<c^fbne'^-\ 

Due to the above estimates we are in a position to prove the following lemma: 
Lemma 6.1. There exists a subsequence still indexed by 6 such that 

1 



(6.11) 



->V„ 



-1 



-W; 



3,5 



-7- Wq, strongly in H^{0,L), 
W3 weakly m if^(0,L), 



-2 



Qs^Q weakly in H^{0,L 



, n.^ ), 



^Pe{m) -^ w weakly m L^(0, L; H\D] M^)), 
' —2(5,2) ^^ 2i weakly in L^{B), 



(6.12) 



-1 V dx'i 

1 f dW5,2 



£«'-! V dx2 



QsA ^ Z2 weakly in L^{B). 
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We also have Wa G H'^{0,L) and 



dWi 



Q2 



dWo 



-Qi. 



dx3 dx3 

The junction conditions 

W«(0)=0, Q(0) = 0, W3(0)=W3(0,0) 

hold true. Setting 



Wr = w 



+ [XiZi+X2Z2]e3 



we have 



-^Pe ((VvsVVvs - I3) ^ E,. + F weakly in L^ (B; . 
K — 1 ^ ^ 



d3x3n 



where the symmetric matrices E^ and F are defined by 



(6.13) 

(6.14) 
(6.15) 

(6.16) 



'7ll(«^r) ll2{Wr) 



CJr 



l22{Wr 




if K > 3. 



-X ^^+ 1 ^^r-,3 

"2 ^ dxs 2 5X1 



2 ^ rfx3 2 5X2 

^ rf2^1 ^ Ci2^2 , dUs 

-Jil—r^ -^2 , o + 



(iXg 



(6.17) 



dx3 ) 



Proof. First, the estimates (16.101) and (16.111) imply that the sequences — ; — W, 



k'-2 



-K -1 



-W 



3,(5, 



7 — Q^ are bounded in H^{0, L; M^), for A; = 1 or A; = 3. Taking into account also (I6.10p 



rK -2 



and upon extracting a subsequence it follows that the convergences (I6.12p hold true to- 
gether with (I6.13p . The first strong convergence in (I6.12p is in particular a consequence 
of (I6.10p . The junction conditions on Q and Wa are immediate consequences of (16. lip 
and the convergences (I6.12p . 

In order to obtain the junction condition between the bending in the plate and 

the stretching in the rod, note first that the sequence _2 ^<5,3 converges strongly in 

H^{ijj) to W3 because of (14. 3 p and the first convergence in (16.30 . Besides this sequence is 
uniformly bounded in H^{D{0, po)), hence it converges strongly to the same limit U3 in 

C^{D{0, Pq)). Moreover the weak convergence of the sequence — ; — yVss in H^{0,L), 

^K. -1 

implies the convergence of — ; — >V5,3(0)to W^i^O). Using the third estimate in (16. lip 
gives the last condition in (I6.14p . 
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Once the convergences fl6.12p are established, the hmit of the rescaled Green-St 
Venant strain tensor of the sequence vs is analyzed in |7j and it gives f l6.17p . D 

The above Lemma and the decomposition (13.71) lead to 



/ „-* e\^ci,i 



rK -2 



Wa strongly in H^{B), 



-^-P,{ui,s-Wi,s)^-X2Q3 weakly in H\B), 
-^Peiu2,5-W2,5)^XiQs Weakly in H\B), 
-±^P^{u3,s)-m-X^^-X2^ weakly in H\B), 

£"-1 dx3 dX3 

which show that the limit rescaled displacement is a BernouUi-Navier displacement. 



7 Asymptotic behavior of the sequence 






The goal of this section is to establish Theorem 17.21 Let us first introduce a few 
notations. We set 



PM3 = 1 (W, W, Q3) G H\uj; W) X H'{0, L; W) x H\0, L) 



m 



on 7o, 



Us e H^itu), Wa e H^O, L), W = 0, 

W3(0) = ^3(0, 0), W„(0) = ^(0) = Q3(0) = 0| 

We introduce below the "limit" rescaled elastic energies for the plate and the rod 

2 



(7.1) 



Jp{U) 



En 



3(1 -Z^p) JU. 



d^Us 2 



+ i^p{MAsy 



+ 



E„ 



;i - ^pj ^o; 



^1 ^V)Y.\Q^^Q 

a,p=l ' 

2 
1-Z/p) ^ \Zal3\ +Vp{Zii+Z22y 

a,/3=l 



X(W, Q3 



+ 



ErTl 



/i,.7r 



dPWi 



dx\ 



2 |rf2W2|2- 



dxl 



+ 



Er.Tl 



dW, 



dx^ 



+ F; 



33 



dQs 



dx3 



where the Zaps are given by 

2a(S = 



1 dUs dU, 

7a/3(W) if K > 3. 



(7.2) 
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and where F33 is given by 

( 1 / f]V\). 2 ^Wo 2x 

if K =3, 




rfX3 


2 

+ 


rf>V2 

dx-i 



'33 = S ^ ^ ""^3 ""^3 ' (7.3) 

if k' > 3. 

The total energy of the plate-rod structure is given by the functional JT" defined over 
PR3 

J3(W, W, Q3) = Jp{K) + J;(W, Q3) - A(W, W, Q3) (7.4) 

with 



7tj JO ^ Jo 



(7.5) 



where 

Q = --1 — ei + - — 62 + 2363- (7.6) 

It is worth noting that the functional JpiU) corresponds to the elastic energy of a Von 
Karman plate model for k = 3 (see e.g. |llj) and to the classical linear plate model for 
K > 3. Similarly the functional Jr-iW, Q3) corresponds to a nonlinear rod model derived 
in [7] for K = 3 and to the classical linear rod model for k > 3. Let us also notice that 
in the space PIR3 the bending in the plate is equal to the stretching in the rod at the 
junction while the bending and the section-rotation of the rod in the junction are equal 
to (see (ES])). 

In the lemma below we give sufficient conditions on the applied forces in order to 
insure the existence of at least a minimizer of J (see [IT] for a proof of the result for 
different boundary conditions for the displacement on du). 

Lemma 7.1. We have 

• if K > 3 and k > 3 then the minimization problem 

min MU,W,Q3) (7.7) 

admits an unique solution, 

• if K, = 3 and k, > 3 then there exists a constant Cf such that, if {fpi, fp2) satisfies 

II/pi|Il2H + II/p2||l2(^) < Ci (7.8) 

then (17. 7p admits at least a solution, 

• if K, > 3 and k, = 3 then there exists a constant Cf * such that, if frs satisfies 

\\fr3\\LH0,L) < Cr (7.9) 

then (17. 7p admits at least a solution, 

• if K = 3 and k =3 then if the applied forces {fpi, fp2) and frs satisfy (17.81) and (I7.9p 
then (17. 7p admits at least a solution. 
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Proof. First, in the case k, > 3 and /? > 3 the result is well known. 

We prove the lemma in the case /t = 3 and k = 3. The two other cases are simpler and 

left to the reader. 

Due to the boundary conditions on U^ in PM3, we immediately have 

Then we get 

2 

«,/3=l 

Thanks to the 2D Korn's inequality we obtain 



(7.10) 



(7.11) 



l|Wi||?,iM + \\U2\\l.>^. < CJ,{U) + Cp[J,{U)f 



iH 



(7.12) 



Again, due to the boundary conditions on Wa and Q3 in PM3, we immediately have 



Wl||^2(o,L) + ll>V2| 



Then we get 

dW-^ 2 



dx-i 



L2(0,L) 



< X(W, Q3 



H2(0,L) 



c 



Q3||?,i(on<X(W,Q3 



dWi 
dx-i 


2 

+ 

L4(0,L) 


dW2 

dx-i 



L4(o,L) 



< j;(w, Q3) + c[jr{yv, Q3)]'. 

From the above inequality and (l7.10"]) we obtain 



(7.13) 



(7.14) 



i2 
Il2(0,L) 



|W3li:„_.<C|W3 



c 



rfW, 



(iX;:! 



L2(0,L) 



(7.15) 



< cj,{u) + cx(>v, Q3) + Cr[j;(w, Q3)]' 



Since 1/3(0, 0, 0) = 0, let us consider a minimizing sequence (W*^^\ W*^^-*, Q3 ) G PH 
satisfying J^{U^''\W^''\ Sf ^) < 

m= inf J3(W,W,Q3)= lim J3(W(^^ W^^^, Sf )) 

where m G [— oo,0]. 

With the help of dHOD-dZISD we get 



Jp(w(^)) + J.(w(^),Qf))<q|/,3|l7jp(ww) 

+ (ll/pilli^M + ll/p2||i.H)'/'(Cy/j,(WW) + V^J,(W(^))) 



+ E (11^-11^^(0.^) + ll^-ll^^(0'i;«'))V^-^^^'^^' 2 



r^ 



(7.16) 



a=l 



+ \\fr,\\LHoAC\^JrW\ Qf ^) + CJMUW) + ^/C~nJrW\ Q^^)) 
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1 1 

Choosing Cf = — — and C^* = , if the apphed forces satisfy (17. 8p and (17. 9p then 

Cp y/Cn 

the following estimates hold true 

li;yW|| o _L||7/W|| i||7/W|| j_i|-i/\;W|| . 

j-in/\;W|| . _LiinW|| I i|-i/\;(^)|| <^ r^ ^' ^ 

+ lr>^2 I|h2(0,L) + 11^3 l|//i(0,L) + ll'^V'g ||/fi(0,L) < <-- 

where the constant C does not depend on A^. 

As a consequence, there exists (W^*\ W'-*-', Q3 ) G PM3 such that for a subsequence 

W3 -^ W3 weakly in -f^^(w) and strongly in iy^''^(c(;), 

W^^) ^ W^*^ weakly in iji(a;), 
W^^^ ^ Wi*'^ weakly in //^(O, L) and strongly in Vr^'^(0, L), 

q(^) ^ gW weakly in H\0,L), 
yy^^) ^ >v^*) weakly in H\0, L). 

Finally, since ^3 is weakly sequentially continuous in 

H^{u) X H\uj;R'^) x L'^{n;R^) x i/2(;0,L;M2) x H\0,L;R'^) x /.^(O,^) 
with respect to 

{U3M1M2. ^11, ^12, ^22, Wi, W2, W3, Q3, F33) 

The above weak and strong converges imply that 

J73(W(*), WW, Q!i^) = m= min J3(W, W, Q3) 



which ends the proof of the lemma. D 

The following theorem is the main result of the paper. It characterizes the limit of 
the rescaled infimum of the total energy -— — - = -— — - inf Jx(v) as the minimum of 

the limit energy J73 over the space PIR3. Due to the conditions on the fields U, W, Q3 in 
PM3, this minimization problem modelizes the junction of a 2d plate model with a Id 
rod model of the type "plate bending- rod stretching". 

Theorem 7.2. Under the assumptions (15361) . (ESiD- ^^and (E8D-(E9D on the 
forces, we have 

lim-^= min MU.W.Q^), (7.18) 

where the functional J is defined by (17.41) . 
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Proof. Step 1. In this step we show that 



mill J3(W,W,Q3)<liminf-^, 



{U,V\!,Q-i) 

Let {vs)5 be a sequence of deformations belonging to D^^e and such that 



(7.19) 



hm 



hm inf 



m^ 



<5^o (5^'^- 



(7.20) 



One can always assume that Js{vs) < without loss of generality. From the analysis of 
the previous section and, in particular from estimates (I5.30p the sequence vs satisfies 



£(us,Ss,£) < C5 



2k-1 



Cqle 



2 2k 



||dist(Vt;5,50(3))|U2(f,. <CT'^-V2 



Estimates (I5.32p give 



(7.21) 



\VvJVvs-h\\^, 



(n5;M3x3) 



<C(5"-^/^ \\VvJVvs-h 



\l^(B,,6; 



< Ce" . (7.22) 



Firstly, for any fixed 5, the displacement us = vs — Id, restricted to ^2^, is decomposed 
as in Theorem 13.11 Due to the second estimate in (I7.2ip . we can apply the results of 
Subsection 16.21 to the sequence (^5). As a consequence there exist a subsequence (still 
indexed by S) and L{^^\ IZ^^^ G i/^(a;;M^), such that the convergences (16.30 and (16. 6p 
hold true. Due to (16. 4p and (16. 5p the field W3 belongs to H'^i^u), and we have the 
boundary conditions 

ZY(o) = 0, Vf/f ^ = 0, on 7o, (7.23) 

Subsection 16.21 also shows that there exits u^^ e L'^{u] H^{—1, 1;R^)) such that 

^{VvJVvs - I3) ^Ef^ weakly in L\Q;R^) (7.24) 



2(5« 



.(0) 



where Ep is defined 



/ 



E^ 



-X' 



^ ^S , -7(0) 



dxl 



+ 217 



-X3 



r)27/(0) 

^ ^3 , -7(0) 



9xi(9x2 

dxl 



+ Z 



idufW 



+ Z. 



12 



(0) 

22 



2dXs 

>,2 



1 du^'^ 



29X3 
9x7/ 



(7.25) 



with 



Z 



(0) 

a/3 



1 /^7i(°) r57i(°) 



2 c}x„ 9a; 



if K 



/3 



(7.26) 



7a/3(W(°)) 



if K > 3. 
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Moreover thanks to the first estimate in fl7.22p . the weak convergence fl7.24p actually 
occurs in L^(r2;]R^). 

Secondly, still for 6 fixed, the displacement us = vs — Id, restricted to B^s, is de- 
composed as in Theorem 13.11 Again due to the third estimate in f l7.22p . we can apply 
the results of Subsection 16.31 to the sequence (vs). As a consequence there exist a sub- 
sequence (still indexed by 6) and W^^-*, Q3 G H^{0, L; M^), such that the convergences 
f l6.12p . As a consequence of ( I6.13P the fields W'-^^ belongs to H^{0, L) and we have 

-^3 



dx?, 



Q^Aea. 



The junction conditions ( 16.14p and ( 16.14p give 

Q(o)(0) = 0, W^°)(0) = 0, Wf (0) = Wf (0,0). 



(7.27) 



The triplet {U^^\W^^\ Qf) belongs to PM3. 

Subsection 16.31 also shows that there exits wf^ G -^^(0, L] H^{D; M^)) such that 



2e 



^T-^Pe{iVvsfVvs-l3)^E^^^ weakly in L\B; 



d3x3n 



(7.28) 



where the symmetric matrices Er is defined by 



(0) 



/ 



E(o) 



7ii(W^"0 luiw^n 



TniOh 



1 dw 



1^(0) 



2 ^ dx3 '2 dXi 



r,3 



722(4°^) 



1^^ __ 

2 ^ dxg ^ 2 0X2 



1 5^ri 



(0) 



-Xi 



dxl 






(0) 



(iXg 



+ 



+ F(°), (7.29) 



F(o) 



where Q 



(0) 



dx3 / 
if k' > 3 



(7.30) 



rfw/") 



-ei + 



-62 + Sf 63. 



(ixs (ix3 

Moreover thanks to the second estimate in (I7.22p . the weak convergence (I7.28P actually 
occurs in L'^{B;M.^). 
First of all, we have 



^2k- 



W,{Vvs) 



1 



S 



2k-1 



W,{Vvs) + 



Qs^'^'" JB,^s\Cs,, 



W,{Vvs) 



Qp(ns[j^{iVvsfVvs-l3\)+ f Qr{xB\D><]0,5[Pe[-^{{^VsfVvs-l3 
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From the weak convergences of the Green-St Venant's tensors in fl7.24p and f l7.28p (recall 
that these convergences hold true in L^) and the limit of the term involving the forces 
(I7.32p we obtain 

where Ep and Er are given by fl7.25p and fl7.29p . In order to derive the last limit in 
fl7.3ip we use the assumptions on the forces fl5.16p and the convergences (16.30 and (I6.12p 
and this leads to 

&^i ^■(^^-^'^) = ^3(W(°),W(°),Qf) (7.32) 



where C^^iU, W, Q3) is given by (17. 5p for any triplet in PMs. From (I7.3ip and (17.321) . we 
obtain 

liminf|^> /q(eW)+ /g(EW)_£3(w(°),W(°),Qf). (7.33) 

The next step in the derivation of the limit energy consists in minimizing j_^ Qp{Eip ^dX^ 
(resp. ^^Qr{^^r^)dXidX2) with respect to uf\ resp. w(°)). 

First the expressions of Qp and of Ep under a few calculations show that 



Qp{Y,f)dX,> — 



Er, 



+ 



vt 



En 



2 I -^27/(0) 2 

a,p=l ^ 

2 

K0)|2 



;i - i^i) 



up{Auiy 



(7.34) 



a,(3=l 



the expression in the right hand side of (17.340 is obtained through replacing u^' by 



=(0)/ 



%'[■,-, ^3) 



Vr, 



I- Vr, 



f -i)AMf-X3(z!?+2S') 



ea- 



(7.35) 



Then the expressions of Qr and of Er permit to obtain 



D 



Qr(E(°))rfXirfX2> 



ErTl 



72-ia;(0) 



dxl 



i2^A,m 



d'Wr 2 d'Wr 2] , ErTl 



dxl 



(0) 



dx3 



+ F 



+ 



/i^TT 



(0) 



dQ 
dx3 



(7.36) 
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and similarly the expression in the right hand side of fl7.36p is derived through replacing 

wl^^ by 



=(0) 



w 



r,l 



=(0) 



-Ur 



— Vr 



2 ^2-|/i;(0) 



x| - XI d'w\ 



dxl 



XrX, 



72-ia;(0) 



-•■(^-s- 






dx\ 



dX3 



x^ p.(0) ^2„(0) 

-^1*11 2~ ^^ 

^1t:.(0) _^ p{0) 



12 



If 



:(0) 



^(0) 






(0) 



'■2-^22 



(7.37) 



In view of ([733D, (EMD and ([73SD, the proof of fmU]) is achieved. 

^tej) ^. Under the assumptions (EH])-(E9]), we know that there exists {U^^\ yV''^\ Q^ ) & 
PMg such that 

min MU,W, Qs) = J3iU^'\W^'\ Q^'^). 



Now, in this step we show that 

Let ^J,^^ be in L'^{uj; H\-l, 1; M^)) obtained through replacing W(°) by U^^^ in (17:2611 - 
(17:3511 and W^^^ be in L2(0, L; ifi(L); M^)) obtained through replacing W^°'> and Q^ by 
W(i) and Qf in ([7301)- dZ^TD- 
We now consider a sequence (W^"\ W^"-', QJj , m*'"'\w*^"^)„>2 ^^^^ that 

• W^"^ G W^''^{io) n i^4(w) and 

W^"^ — ^ W^^) strongly in if^(w), 

• Wf ^ G iy3,oo(^) p Hliuj) and 

W^"^ -^ W^^^ strongly in H\uj), 

• W^"^ e iy3,oo(_^/^^2v) with Wi"^ = in [-1/n, 1/n] and 

Wi") -^ Wi^^ strongly in H\0,L), 

• W;!"^ e iy2,oo(_^/^^2v) with W;S"^ =ut\0,0) in [-1/n, 1/n] and 



^W 



Wt^ — > Wi^^ Strongly in H\0,L), 



in) 



gw ^ w^'°^{-l/n,L) with Q^"^ = in [-1/n, 1/n] and 



QP — ^ Qs^^ strongly in H\0,L), 



• m(") G l^i'~(fi;M3) with u^'^^ = on dux] - 1,1[, m^") = in the cyhnder 
1^(0, l/n)x]-l,l[ and 

^(") — > ^^^^ strongly in L'^{uj; H\-1, 1; R^))^ 

• W(") e iy^'°°(] - l/n,L[xL); M^) ^jth w^") = in the cyhnder Dx] - 1/n, l/n[ and 

77t(") ^ TTT^l) 



W 



w)' Strongly in ^^(0, L; //^(D; M^)). 



First, the above strong convergences and the expression of J show that 

lim J3(W("\ W("\ Q^"^) = MU^^\ W^^\ Q^i^). (7.38) 



n^r+co 



For n fixed, let us consider the following sequence (f 5) of deformations of the whole 
structure Ss^g, defined below: 

• in ^2^ we set 

V5,i{x) =xi + ^""^(^1 (a;i,X2) - -j^—{xi,X2) + 6uf\xi,X2,^)), 

V5,2[x)=X2 + d [Uy[Xi,X2)- —^ [Xi,X2)+du\'{Xi,X2,—)), ^ ' 

-0^ -[U^ ■[Xi,X2) -\-0-U^'[Xi,X2, 

• in Bgs we set 

fij Ait-) 

vs,,{x) = x, + 5--\ut\x,,X2) - j-^{xuX2))+e-'-\wt\^^) 

VS,2{X) =X2 + 6--\l(t\x^,X2) - ^^{X^,X2)) + 6^ '' {Wt\x,) 
«(ra)/ X 2 {n)/Xl X2 



VsA^) =^3 + S''''{ut\xi,X2) + 6'u^^\xuX2, y)). 



+ x,Q'^\xs)+e'w'-^{^,^,xs)) 



(7.40) 



e e 



,(n) 



vs,s{x)=xs + 6^-'ut\xi,X2) + e^'-\[wt\x,)-l(t\0,0)]-^^^{x,) 

£ uX^ 
--^^(x3)+et.3 (7,7,^3)). 

Obviously, if 6 is small enough (in order to have 6 < 1/n) the two expressions of vs 
match in the cylinder Cs^e and are equal to 

X dU^"'^ 

Vs,l{x) =Xi +6'^~^{U[''\xi,X2) - -f^r^—{xi,X2)), 



Vs,2{x) = X2 + 5" ^{U2'^\xi,X2) - -^ J^ {Xi,X2)), 



5 dxi 

X3 <9^j" 
5 8x2 



K-2j/in)i 



Vs,3{x) = X3 + (5" Uf' {xi,X2). 
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By construction the deformation vs belongs to D^^^. Then we have 

ms < Jsivs). 



(7.42) 



In the expression ( I7.39P of the displacement vs — Id the explicit dependence with 
respect to 5 permits to derive directly the limit of the Green-St Venant's strain tensor 
as 5 tends to (n being fixed) 



26' 



—T{,{{V.V5fV.v, - I3) — > E(") strongly in L°°(l]; M^), 



(n) 



where the symmetric matrix Ep is defined by 



/ 



p 



i27/{") 



d'u 



(n) 



2i j(n) 



- --13 ^yn 



-X' 



-X. 



d'u 



9xi(9x2 






2(9X3 



(9X2 



3 ,Mn) 1 ^^2"^ 

""2 9X3 



•'22 



du 



I^ttC") 



9X3 / 



Now, in the rod Bp x we have 



(7.43) 



07 / (rj) 

vs^^{x) = xi + £'^'-2 >V;"^(X3) + 6eU^^\Q, 0) - 5x3—^(0, 0) 
L axi 



^(") 



-x2Qr(^3) +ii^ri(^) 



»/ 



t'5,2ia;j 



.K -2 



>V^"^(x3) + 5eU^''\Q, 0) - £X3^^(0, 0) 



X2 + e 



0X2 



,{n) 



An) 



vsA^) = xs + e-'-'[wt\xs) - -^ixs)+x,^{0,0) 



^^^^^"\x3)+X2^^(0,0) 



e dx3 



e (ix3 



9X2 



dxi 



+wi:i{x). 



(7.44) 
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where 



?(")(x) = 5^ Wj") (^, ^, X3) + fe-'-^(W;")(xi, X2) - Wf)(0, 0)) 



-Xge: 



.'-1/5^3 



(n) 



(Xi,X2) - 



aw. 



,(n) 



OTi axi 



-(0,0)), 



~(n)/ \ 



^wf\^,^,x,)+5e^-\ut\x,.x,)-U^^\Q,Q)) 



-x^e 



.'-ifdU, 



in) 



(Xi,X2j 



dU, 



,(n) 



-(0,0)), 



~(n)/ N 



First notice that 



-wrH^,f,X3)+e'^'-^(wf(:^i,a^2)-Wf(0,0) 



-.,^(0,0)-X2^(0,0) 



a^wi") 



i27yW 



1 /^27/l,"^ /^27/l" 

i.P,(e)) -^ «;(") = wW - X3 k ^(0, 0) + X2^ 
e"^ L oxf oxiox 



ei 



-2:3 



Xi 



d'ut'' 



127/W 



^(-'-■^1 



-(0,0) 



(0,0) 
62 strongly in iy^'°°(i?; 



(7.45) 



As above, the expression fl7.44p of the displacement vs — Id being explicit with respect 
to 6 and e, a direct calculation gives 



-^P^{{VvsfVvs - I3) ^ E(") strongly in L°°(S; R^x^), 
where the symmetric matrices Er and F'-"^ are defined by 



(7.46) 



/ 



El") 



711 (w^")) 712 (u;^^ 



tttW^ 



722(W("); 



2 ^ dx3 2 dXi 



:^i 



+ 77- 



2 ^ dx3 2 aX: 



v 



-Xi 



dxl 



-X. 






in) 



p(n) 



(7.47) 



dxs ) 



pW 



kllQ^")||^i3-Q^"M2^"0^) if«^' = 3. 



if K > 3. 



From the strong convergences (17.431) - ( 17^461) and taking to account the expressions of the 
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applied forces f l5.16p and the ones of the deformation, we get 

Then, from the above hmits and ( I7.42p we finally get 

hmsup-^ < /"g(E(")) + [ g(E(")) -£3(W("),>V("),Q^"^ (7.48) 

5^0 o-""^ ' Jn Jb 

Now, n goes to infinity, the above inequality and (I7.38P give 

li^s^P^ ^ J73(W(^), W«, Q^^)). (7.49) 

This conclude the proof of the theorem. D 



Remark 7.3. Let us point out that Theorem \7.S\ shows that for any minimizing sequence 



{vs)s as in Step 1, the third convergence of the rescaled Green-St Venant's strain tensor 
in (J7.24P is a strong convergence in L'^{VL\M?^^) and the convergence (17. 28^ is a strong 
convergence in L'^{B\M?^^). 

8 Appendix 

Proof of Lemma (15. 2p . The first estimate (15.130 is proved in Lemma 4.3 of [8]). Now 
we carry on by estimating Gs{u,Bi^s)- 

Step L In this step we prove the following inequality: 

Gs{u, B,,s) <C\ I dzst{Vv, SO{3))\\l2^b^,) 

\\dist(Vv,S0(3))\\'i,fr, . (8.1) 

+ C- -— ^^^^^^^^^ + Ce|||Q(0)-l3|||l 

The restriction of the displacement u = v — la to the rod B^g is decomposed as (see 
Theorem II. 2. 2 of [7J) 



MX 



>V(x3) + (Q(x3)-l3)(xiei+a;2e2)+w'(x), x e B,^s, (8.2) 



where we have W G H\-6, L; R^), Q e H\-6, L; S0{3)) and w G H\B,^s; K^). This 
displacement is also decomposed as in (13. 7p . In both decompositions the field W is the 
average of u on the cross-sections of the rod. 
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We know (see Theorem II. 2. 2 established in [7]) that the fields W, Q and w satisfy 

\\w\\L-^{B,^ym < Ce\\dist{Vv, SO{3))\\l2(b,^s)^ 
||Vwj'||l2(s^,.b;3x3) < C\\dist{Vv, SO{3))\\l2(b,,s) 
dQ 



dxs 
dW 



.,-U*.,^ill*"^"-^«'^»ll-''--' (8.3) 

11^" - QlL»(iJ,.,*..») ^ C||dist(Vt.,S0(3))||i,,B„,, 

where the constant C does not depend on e, 6 and L. 

We set V = Q(0)"^f and u = \ — I^. The deformation v belongs to H^{B^s', ^^) and 
satisfies 

||dist(Vv,50(3))||i.(^^,,) = ||dist(Vt;,S0(3))|U.(5^_,). 

The last estimate in (18.31) leads to 



|Vu+ (Vu)^||^,(^^_^^j^3,3^ <C\\d\st{Vv,SO{3mL2iB,^,) 

+ Cel |Q(Of Q + Q^Q(O) - 2I3I U2(_5,^., 



U) 



First, we observe that for any matrices R G 50(3) we get 1 1 |R — I3I | p = \/2\ | |R + R"^ — 
2I3III. Hence, we have y2|||Q(0)^Q + Q^Q(0) -2I3III = |||Q-Q(0)||p and using again 
(18. 3p we obtain 



|Q(0)^Q + Q^Q(O) - 2l3||i2(_,,i.K9) < C 



\\dist{Vv, SOismhiB, 



(-<5,L;K9) ^ >-^ ^ 



iB,,s) 



which implies with (|8l 



G,(u, B,,s) < C| |dist(Vt;, SOi3))\\L2^B,,^ + C ^^i^^. (8.5) 

Observing that Vu + {Vuf = Vu + (Vu)^ + (I3 - Q(0))^(Vm - (Q(0) - 13)) + (Vu - 
(Q(0) - 13))'^ (I3 - Q(0)) + 2(Q(0) + Q(0)^ - 2I3), we deduce that 

G,(M,i?,,5)<G,(u,i?,,5) + 2|||Q(0)-l3|||||VM-(Q(0)-l3)||^,(^^^^^j,3x3) 
+ C£|||Q(0) + Q(0)^-2l3||| 

\\dist(Vv,SO(3))\\L2(B ,) 
<G,(u,i?,,5) + O|||Q(0)-l3|||^ ^ ' ^^ ^^IIMi^M) 

+ Ce\\\QiO)-h\\\' 



J|dist(Vt;,50(3))||i.(^_ 



) , r^^llir\/n\ t Ill2 



< G,(u, B,,s) + C ^^^^ + C^l I |Q(0) - I 



e 



3 



3 1 
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Thanks to ([83]) we obtain flHljl . 

Now we carry on by giving two estimates on |||Q(0) — laHp. 

Step 2. First estimate on |||Q(0) — I3IIP. 

We deal with the restriction of v to the plate. Due to Theorem 3.3 established in 
[8] , the displacement u = f — /^ is decomposed as 



u{x) = V{xi,X2) + xz{^{xi,X2) -\-i)e-i + v{x), xeVts (8.6) 

where V belongs to H^{uj]M?), R belongs to H^{uj]M?'^^) and v belongs to H'^{Vts]M?) 
and we have the following estimates 



\v\\L^{ns-m ^ C6\\dist{Vv,SO{2,))\\L2[n^) 
|Vu||l2(o^.ir9) < C\\dist{Vv,S0{'i))\\L'2{ns) 



9R 



..,„,», ^^ll*^"^"-*«<^)'"'='"'> (8.7) 



dxa 

dV 

^^ _(R-l3)e„ 



^^^^^^^^^<§j,\\drstiyv,somWm 



dx^^ 

ll^^-i^llL^(n,;R<^) ^ c\\distiyv,so{?>))\\mn,) 

where the constant C does not depend on 5. The following boundary conditions are 
satisfied 

V = 0, R = l3 on 70, v = Q on Tq.^. (8.8) 

The last estimates in ( 18. 3p and ( 18. 7p allow to compare Q — I3 and R — I3 in the 
cylinder Cs^e- We obtain 



e^m- I3I li.M,5;M9) < C{\\dist{Vv, SO{m\ym + I |dist( Vt;, SOimW^B.,) ] 

+C5\\R- I3|Il2(£,^.]89) 

Besides, the third estimate in 08. 7p and the boundary condition on R lead to 

11^-^ I3|Il2(D^;M9) ^Ce ||R— I3||l8(£)^.ir9) 

Then, we get 

e^\n-h\\l^i^-s,6-,^.)<C{\\dist{Vv,S0{m\hm + \\^^^K^v,S0{^^^^^^ 

^^^^^^ \\dist{Vv,SO{m\h(n,) 

(8.10) 
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Furthermore, the third estimate in fl8.3p gives 



m{o)-hw<j\\Q-h\\u.s,s;m+c^ 



dQ 



dx3 



L^{B,^s;l 



<jm-M\lH-sAm + Cj,\\di^i{Vv,so{m?mB^,) 



which using ( IS.lOp yields 



£|||Q(0)-i3|||'<C 



52 .\\dtst{Vv,SO{m\ 



— + e' 
e 



LH^s) 



53 



+C 



^2 ||dist(Vi;,50(3))||i.(^^^) 
6+ — 5 -^^ 



6 



Finally (18. ip and the above estimate lead to 



\\dist{Vv,S0{3)) 



\lHb,_s) 



X 3 

\\dtstiVv,S0i3))\\l,^^^^ 
e5^ 



Step 3. Second estimate on |||Q(0) — I3IIP. 

Now, we consider the traces of the two decompositions (18 ■2p and 
placement u = v — Id on D^ x {0}. From (18. 3 p and (18.70 we have 



dHSD 



(8.11) 
of the dis- 



/ \\uixi,X2, 0) - >V(0) - (Q(0) - l3)(0)(xiei + 0:262) 

JDe 



De 



|w'(xi,a;2,0)||^<C£||dist(Vi;,^O(3))||i.(^^ 



||m(Xi,X2,0) - V(Xi,X2)||2 = / \\V[Xi,X2, 



The above estimates lead to 



l<C6\\dist{Vv,SO{3))\\ 



L^ins)- 



f \\W{0) + (Q(0) - l3)(xiei + ^262) - V(xi,X2) 

JDe 

<C6\\dist{Vv,SO{3mh(n.) + Ce\\dist{Vv,SO{3mh 



(Bs.s) 



which implies 



/ ||(Q(0)-l3)(xiei+X2e2)- (V(xi,X2)-7Wd,(V))| 



(8.12) 



<C,5||dist(Vi;,50(3))|| 



L^Qs) 



Ce||dist(V^,50(3))||i.(^^ 
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We carry on by estimating V — A^d^ (V) . Let us set 

R„ = Md, ((R. - h)Ga) = 7777 / (R(a;i, xs) - I3)e^dxi(ix2 

and we consider the function $(a;i,X2) = V{xi,X2)—AiDe {^) — 2;iRi — X2R2- Due to the 
fourth estimate in (18 .yp and the Poincare-Wirtinger's inequahty (in order to estimate 
||(R- l3)e„ - Ra||L2(£,^.]R3)) we obtain 



W'^nhiD^-m < C (^ + ^) I |dist(Vt;, S0(3)) I |i.(^^), (8. 13) 

Noting that AdD^i"^) = 0, the above inequahty and the Poincare-Wirtinger's inequahty 
in the disc D^ lead to 

\\nUD.^)<Cj[l + '^)\\distiVv,S0i3mlHnsy (8-14) 

Estimates (I8.12p gives 

/ ||(Q(0) - h){x,e, + x,e,)\\l < C(||<l>||i.(^^) 
+ £^||Ri||^ + 5^||R2||^ + 5||dist(Vt;,50(3))||i.(^^)+£||dist(Vt;,50(3))||i.(^^J 
which in turns with (I8.9p and (18.140 yield 

e^(||(Q(0)-l3)ei||^ + ||(Q(0)-l3)e2||^) 

2 7/2 

<c(^ + ^ + 5)||dist(Vt;,^0(3))||i.(^^) + Ce||dist(V^,50(3))||i.(^^^^) 
and finally 

^IIIQ(o)-i3llP 

.52 1 <5Sl|dist(Vt;,^0(3))||i.(^^) ||dist(V^;, ^0(3))||i.(^^^) (8.15) 

^^[T^ + ^ + T^) p + ^^ -3 ^• 

Estimates (gJ^ and (IHTTSj) yield 

J|dist(Vt;,50(3))||i.(^^_^) 






(8.16) 



+ C 






e5^ 



Step 4- Final estimate on Gs{u,Bi,s)- 

The two estimates of Gs{u, B^s) given by (18. lip and (18.160 lead to 
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a e'^ < 6 then 



Gsiu,B,,s) < C||dist(Vt;,50(3))|U2(5^,) + C 



\\dist{Vv,S0{3)W 



£3 



if (5 < e^ then 

J|dist(Vt;,50(3))||i.(^^_^) 



G,(n,i?,,5) < C||dist(Vt;,50(3))|U2(B^,,) + C- 



e 



3 



|M2st(Vt;,^0(3))||i.(^^) 
We immediately deduce fl5.14p . D 
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